
where  C >> 1. Fo r  ce r t a in  fuels we may take  C = ~,  and then Eq. (2) s impl i f i e s ;  the  t e r m s  containing Y2 
vanish ,  

By way of example ,  Tab le  1 gives the approx imat ion  coefficients  for 0 2 -  H 2 fuel and four values of the  
excess  coefficient  of the  oxidizing agent .  The  quantities in this t ab le  were  de te rmined  by the well-known 
method employed for  the  analy t ica l  r e p r e s e n t a t i o n  of empi r i ca l  data [6]. In the presen t  example  C = *% 

The  r e su l t s  of our de te rmina t ion  of ~n for  oxygen - -hyd rogen  fuel with ~ =1  and r a / r c r  = 10 by means 
of Eq.  (2)and a l so  by numer i ca l  in tegra t ion  of the  p rob lem a r e  presented  in Fig .  1. These  data,  together  
with the r e su l t s  of analogous calculat ions ca r r i ed  out for  Pk = 0.5-25 M N / m  2, r c r  = (2.5-125) 10 -3 m and ra/ 
r c r  = 3-15 in the c a s e  of fuels containing hydrogen,  c a rbon ,  ni t rogen,  oxygen, and fluorine,  show that  the 
m a x i m u m  e r r o r  in the de te rmina t ion  of losses  due to  the lack of chemica l  equi l ibr ium in the flow through the 
nozzle  by means  of the  proposed app rox ima te  equation equals ~-0.002. Such an e r r o r  in ~n introduces an e r r o r  
not exceeding 0.2% into the  de te rmina t ion  of the speci f ic  m o m e n t u m .  

NOTATION 

Sn, loss coeff icient  of the spec i f ic  m omen tum due to  the  lack of chemica l  equi l ibr ium in the flow; r c r ,  
radius  of c r i t i ca l  nozzle  c ro s s  sec t ion;  r a ,  radius  of nozzle outlet sec t ion;  Pk, flow re ta rda t ion  p r e s s u r e ;  
P0, no rma l  p r e s s u r e ;  h, r e l axa t ion  coeff icient ;  ~0, m,  n, s ,  C, d imens ion less  coefficie~ats; ~ ,  excess  co-  
efficient of oxidizing agent .  
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flowing fluid f i lm for  a l inear  t e m p e r a t u r e  profi le  at the outer su r f ace  of the  wall .  A computa -  
t ional  fo rmula  is proposed for  the d imens ionless  Nussel t  number .  

In studying heat t r a n s f e r  in a f i lm flowing gravi ta t ional ly  along a wall,  the t e m p e r a t u r e  a t the  solid--fluid- 
f i lm in te r face  is usual ly  a s sumed  known and equal to a given t e m p e r a t u r e  at the  outer  su r f ace  of the wall .  This 
condition is sa t i s f ied  in the ex t r eme ly  idealized case  of a wall  with infinitely la rge  t h e r m a l  conductivi ty.  How- 
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F ig .  1. Dependence of d imens ion less  Nussel t  number  on x 
for  var ious  values of the p a r a m e t e r  P: 1) log P = --oo; 2) 
log P = - - 2 ;  3) log P = - - 1 . 5 ;  4) log P = - - l ;  5) tog P = - - 0 . 8 ;  
6) log 1 ) = - 0 . 6 ;  7) log P = - - 0 . 4 ;  8) log P = - - 0 . 2 ;  9) l o g P =  
O; 10) log P = 0 . 2 ;  11) log P = 0 . 4 ;  12) log P = 0 . 6 ;  13) log 

s a m e  order  of magnitude as that  of the  fluid. In the  gene ra l  case ,  such  problems mus t  be  considered as 
coupled, where  the  energy equations in the fluid and solid a r e  solved s imul taneous ly  using the veloci ty d i s t r i -  
bution in the flowing f i lm with the  t e m p e r a t u r e s  and t h e r m a l  fluxes being assumed  equal at the  in te rphase  
boundary,  i . e . ,  using boundary conditions of the  fourth kind [1-3], 

Such formulat ions  of the  p rob lems  were  d iscussed  in a number  of papers  both as in ternal  and external  
p roblems [5, 6]. Analytic methods were  a l so  proposed recen t ly  for solut ion of the coupled p rob lems  [7, 8]. 

In this paper ,  a numer i ca l  a lgor i thm is proposed for solut ion of the coupled p rob lem of convect ive heat 
t r a n s f e r .  A fluid f i lm flows gravi ta t ional ly  along the s u r f a c e  of a ve r t i ca l ,  infinitely wide plate  of thickness  b 
and length l .  We denote the th ickness  of the flowing laminar  fluid f i lm by h. We choose a Ca r t e s i an  coordinate  
s y s t e m  such  that  the x axis coincides with the in te r face  with x = 0 at  the  upper  end of the plate and x = l at the 
lower end. At the  outer  s ide  of the  pla te  (y = --b) and a l so  o n t h e  f r ee  su r f ace  of the  f i lm {y = h), k n o w n t e m -  
pe ra tu re  prof i les  ~,2 and ~'t a r e  ass igned ,  r e spec t ive ly .  In the genera l  c a se ,  the energy equations and boundary 
conditions in the se lec ted  coordinate  s y s t e m  have the  fo rm 

( Y  1 ( -~)21  Ot' / O z t x  ' 

Ozt2 + Ozt2 = 0 ;  
Ox z Oy ~ 

tl  = ~1 (X) for y -- h; t 2 = ~., (x) for y = - -  b; 
(2) 

tl = (~I(Y)' t2 = ~"(Y) for x = O, t2 = 02 for x = l; 

t~ (x) = t~(x), k~ Ott = k ,  Ot~ Oy ~ for y = 0. (3) 

We invest igate  the  solut ion of the  p rob lem (1)-(3) under s impl i f ied boundary conditions where  ql = ~1 = 92 ---to = 
const ,  O 2 = t 1, and the  function q2(x) va r i e s  l inear ly  f rom t o at  x = 0 to t t at  x = l ,  i . e . ,  ~,2(x) = t o + (t 1 - -  to)(X/ 
l ) .  

T h e s e  s impl i f ica t ions ,  without changing the genera l i ty  of the numer i ca l  r ea l i za t ion  of the solut ion for the 
p rob lem of coupled convect ive  heat t r a n s f e r ,  can cor respond  to  heating (cooling) of the fluid f i lm or to  vapor  
condensation on the solid s u r f a c e  with subsequent  flow in f i lm fo rm ff the effect of a change in the  th ickness  of 
~he la t ter  on heat t r a n s f e r  can be neglected.  

We conver t  to  the  d imens ion less  va r iab les  

Tx=  t l - - to  tit 1 - -  y 
t~--to h 
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F i g ,  2. D e p e n d e n c e  of d i m e n s i o n l e s s  t e m -  
p e r a t u r e  a t  t h e  p h a s e  i n t e r f a c e  on t h e  d i m e n -  
s i o n l e s s  length  x / l  for log P = 0 and v a r i o u s  
v a l u e s  of t he  p a r a m e t e r  n :  1) n = 0.1; 2) 
n = 0 . 1 6 ;  3) ~t = 0 . 2 5 ;  4) ~t = O A ;  5) ~ = 
0.63; 6 ) x  = 1 . 0 ;  7 ) x  = 1 . 6 ;  8 ) x  = 2 . 5 ;  9) 
n = 4 . 0 ;  1 0 ) ~  = 6 . 3 ;  l l )  x = 1 0 , 0 ;  1 2 ) ~  = 
O0 

in  t h e  l iquid p h a s e  and d e f i n e  t h e  c o r r e s p o n d i n g  v a r i a b l e s  in  t he  s o l i d  p h a s e  in  t h e  f o r m  

T2 t ~ - -  t o = + = ~ ,  *12 1 . 
h - - t  o b 

In  a d d i t i o n ,  w e  i n t r o d u c e  t h e  d i m e n s i o n l e s s  length  z = x / I  a long  the  x a x i s .  
s i o n l e s s  v a r i a b l e s ,  we r e w r i t e  t h e  p r o b l e m  0 ) - ( 3 )  in t he  fo l lowing  m a n n e r :  

A f t e r  i n t r o d u c t i o n  of t he  d i m e n -  

t 1 oT1 = p O2T" 
3 ,1~-~-,17. oz o,j~ 

(4) 
02T2 OZTz 
Oz ~ + S 0-~-Z2 = 0 ;  

T l = 0  for ~11-~0; T 2==z for ~12=0; 
(5) 

T 1 = T 2 = 0 for z = 0; T2 = 1 for z = l; 

T1 = T~, OTI 3T2 - -  = - -  • for ~h = ~h = 1, (6) 

w h e r e  P,  S,  and x a r e  d i m e n s i o n l e s s  p a r a m e t e r s .  F o r  n u m e r i c a l  s o l u t i o n  of th i s  p r o b l e m  by the  m e s h  m e t h -  
od,  we  s e l e c t e d  a s e t  of po in ts  w i th  t h e  c o o r d i n a t e s  ~i = (1/2 + m)d,  z = (1/2 + nRt, w h e r e  n, m = --1  . . . . .  M 
and d = l / M ,  i = 1, 2. T h e  d e r i v a t i v e s  in E q s .  (4) w e r e  r e p l a c e d  by c e n t r a l  d i f f e r e n c e s  us ing  a f o u r - p o i n t  
i m p l i c i t  s c h e m e .  T h e  r e s u l t a n t  d i f f e r e n c e  ana log  was so lved  by  t h e  s w e e p  method  for  p a r a b o l i c  equa t ions  and 
b y  t h e  v e c t o r  s w e e p  method  for  e l l i p t i c  e q u a t i o n s .  T o  b e t t e r  a p p r o x i m a t e  t he  bounda ry  cond i t ions  in t h e  f lu id  
and  gas  p h a s e s ,  two  f i c t i t i ous  po in t s ,  ( - - h / 2 ,  1 -~ h /2 ) ,  f a l l ing  ou t s i de  t h e  s e g m e n t  [0, 1J, w e r e  i n t r o d u c e d  f o r  
t h e  v a r i a b l e  ~.  T h e  t e m p e r a t u r e  a t  t h e  i n t e r f a c e  b e t w e e n  t h e  f luid f i l m  and the  so l id  wa l l  was c a l c u l a t e d  a s  
t h e  m e a n  v a l u e  of t h e  t e m p e r a t u r e s  a t  t h e  points  M - -  I and M:  

f (z) = (T1.M q- Tt,~-1}/2 = (T2.M + T2,M- 1)/2, (7) 

w h e r e  t h e  s e e o n d  suabser ip t  in t he  t e m p e r a t u r e  no t a t i on  c o r r e s p o n d s  t o  t h e  l abe l l i ng  of t h e  po in t .  One of the  
b a s i c  .d i f f icu l t i es  in  t h e  s o t u t i o n  of t h e  coup led  p r o b l e m s  l i e s  in t h e  r e s o l u t i o n  of b o u n d a r y  cond i t ions  of the  
f o u r t h  k ind ,  i . e . ,  t h e : c o n d i t i o n s  fo r  coupl ing  p a r a b o l i c  equa t ions  wi th  e l l i p t i c  e q u a t i o n s .  T h e r e  a r e  a n u m b e r  
of p r a c t i c a l  m e t h o d s  f o r  s o l v i n g s u c h  p r o b l e m s  [3, 7, 8]. In th i s  r e p o r t ,  we p r o p o s e  t o  a c c o m p l i s h  th is  in t he  
fo l lowing  w a y .  

W e  e x p r e s s  t h e  t e m p e r a t u r e  f(z) a t  t h e  i n t e r f a c e  t h r o u g h  the t e m p e r a t - a r e s  a t  t h e  po in ts  M - -  2, M - -  1, 
and M: 

TTM-2--  T1.M-v- 18T, M I - - •  + 18T2,M I 9• 
f (z) = 8 - 8~  ( s )  
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Fig. 3. X - - Y p l a n e ,  X = log  P, Y = l o g ~ .  At 
points t o t h e  left of curve  1, the res i s tance  to heat 
t r ans fe r  is concentrated in the solid phase. At points 
to the right of curve  2, the res i s t ance  is concentrated 
in the liquid phase. 

In writing down Eq. (8), the coupling conditions (6)were used where the derivatives were replaced by d i f fer -  
ence analogs,  which, for example, have the form 

OT1/Oql ----- (TLM--I + 9T1,,~- 18T1,M-I -+- 8h/(12h) --' 0(h 3) 

for the liquid phase.  Since this problem is solved by an i terat ion method, the t empera tu re  at the phase in te r -  
face is assigned a rb i t ra r i ly  in the f i rs t  i teration.  Let the t empera tu re  at the interface be fi(z) af ter  the i- th 
i terat ion.  Adjustment fac tors ,  and consequently the t empera tu re  fietds, a r e  determined by means of Eq. (7) 
and the boundary conditions (5) and (6). A new tempera tu re  at the interface,  i . e . ,  the function f i+l(z) ,  is de-  
termined through Eq. (8) f rom the t empera tu re  fields found for the fluid film and solid,  respect ively .  The 
calculation is considered finished if the inequality Ifi +t(z) -- fi(z)l < 0.05 is sat isf ield.  

The proposed numerical  a lgori thm was used to solve the problem (4)-(6) on a BESM-6 computer .  Com-  
puting t ime for a single variant  and a s tep d = 0.1 was of the order  of one minute. 

We define the dimensionless Nusselt numbers for the f i rs t  and second phases in the following manner :  
l l 

f or, or, (9) 
�9 0 ' 1 1  0 q . ,  
0 

! l 
C �9 

Between Nu 1 = I OT, dz and Nu 2 = OT2 dz there  is the relat ion 
�9 0~1, ., 0~., 
0 0 

Nul = • (10) 

In the general  case ,  the solution of the problem (4)-(6) depends on the th ree  independent parameters  S, P, and 
. However, the effect of S can be neglected if the inequality S >> 1 is satisfied [for actual tubing of length l 

me te r s ,  b =6  "10 -3 m a n d  S =(l .10a/6) ~ >> 1 in order  of magnitude, where l and 6 a re  of the order  of one].  
Consequently, the solution of the problem (4)-(6) depends on the two paramete r s  p and ~t under actual geometr ic  
dimens ions. 

Calculated resul ts  for the dimensionless number Nul as a function of ~ a re  shown in Fig.  1 for various 
values of the parameter  P. For  any fixed value of the parameter  P there exist numbers  ~tmi n and ~tma x such 
that the re la t ion 

Nu 1 (z) = z/2 (11) 

is valid when the inequality ~ --- ~ m i n  is sat isf ied.  Graphically, this means that the curves Nul (~t), for suf-  
ficiently smal l  ~t, pract ical ly  coincide with the limiting curve I in Fig.  i for which log P = - -~  (we limit our-  
~elves to  10% accuracy  in the following). Then the sur face  t empera tu re  T s (z) = 0 at any point on the interface.  
The physical  significance of Eq. (11) is c lear  from the definitions (9) and (10); when T s = 0, the equality 0T2/ 
~ 2  = z is valid and there fore  
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Fig.  4. :Dependence of dimensionless  function pt]aNut on 
the var iable  P l / a x  for log P -< 0 (curve 2). Curve 1 is the 
function pt /3  ]4/2. 

Nu~(• ---- - -  or Nul = - -  . (12) 
2 2 

Equation (12) means that the r e s i s t ance  to heat t r ans fe r  is totally concentrated in the solid phase.  

At large values of ]4, the function Nu 1 (]4) tends to a l imiting value and differs f rom it by less than 10% 
when ~t -> ~tma x. In this case ,  the t empera tu re  at the phase interface agrees  with the assigned tempera tu re  
at the outside of the wall. Res is tance  to heat t r ans fe r  is concentrated in the fluid and the problem can only be 
solved i n the  film under the boundary condition Ts (z) = ~2- The case  ~2 = z is discussed here .  It is obvious 
that the proper t ies  indicated above will a lso  be valid for an a rb i t r a ry  function ~2(z). Calculations of the func- 
r Ts (z) for a number of values of x in the interval  (Xmi n, Xma x) a re  shown in Fig.  2 for log P = 0. 

Values of ~ m i n  and ~ m a x  can be obtained f rom Fig.  3 which is a plot of the (X--Y) plane where X = 
log x and Y = log P with Xmin and Xmax being approximated in the following manner  : 

Xmln=--0.8, Xmax= l for I g P ~ 0 ,  
(la) 

X m t n : - - 0 . 8  lgP , Xmax= 1 lgP for l g P < 0 .  
3 3 

As is c lear  f rom Fig.  1, i n the  region of the X - - Y  plane where log P -- 0.6, the functions Nut(~) corresponding 
to  different P cease  to depend on the pa ramete r  P and pract ical ly  eoncide with the limiting curve 13 for which 
log P = ~ .  When log P = o0, the film t empera tu re  for any value of z is 

~4 
T 1 (z ,  ~h) ~- ~ h T s  (z) ,  where T s  (z) = 1 + • z .  (14) 

Substituting the dis tr ibut ion (14) into Eq. (9), the analytic re la t ion 

Nu 1 (• = ~- (15) 

can be obtained for the Nusselt number for the limiting curve 13. For small values of P, there is a thin ther- 
mal boundary layer 3 Pvr-~<< 1 in the neighborhood of the solid wall. In this case, one can show that the equa- 
tions 

3 / ' - -  3 - -  

Ts (z) = (~• V Pz)/(1 § ~• ~ P z ) ,  
(16) 

NU I (~)= F(• VP)/VP, 
I/a 

where a = 1 as shown by calculation, are valid. Consequently, if one plots the quantity P Nu t on the ordinate 
and the quantity ~4 Pl/aon the abscissa, one merely neeql knowthe function F(]4pI/3) ' in order to obtain a solu- 
tion. It is shown in Fig. 4 (curve 2). The equality pl/aNth ~ l~/3]4/2, which is equivalent to Eq. (11), is 
satisfied when log(]4 pi/3)~ --0.8. The function Pl/3Nut -~ 0.6 when log(~ pl/3) >_ 1. As shown by calculated 
results, Eq. (16) is valid everywhere when log P-~ 0. Consequently, when log P -  0, the limiting points Xmi n 
and Xmax in the X--Y plane must be located on the lines X = --0.8--Y/3 and X = 1 --Y/3 as is evident from 
Eq. (la) and Fig. 3. 

Since the solution of the problem (4)-(6) for log P -< 0 is self-similar as shown in Fig. 4 and the maxi- 
mum difference between curves in Fig. 1 for log P >- 0 is 20%, the dimensionless Nusselt function is approxi- 
mated within 10% for any ]4 and P by the following equations : 
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0.55 for I g P ~ O ,  

1-r-u]/  P /  .} P / [ 

We make s o m e  es t imates  of the p a r a m e t e r s  P a n d  x in o rder  to  s ee  what r eg ion  of the X - - Y  p l a n e ( F i g .  
3) co r r e sponds  to  ac tua l  values of the l~eynolds number .  

F i lm motion c a n  be~considered l amina r  if  Re < 400 and then f i lm th ickness  is de te rmined  by t h e  Nussel t  
formula  h = 1.45| ~/3, where  | = (v~/g)l/3 [9]. The  the rmophys i ca l  cha r ac t e r i s t i c s  of water  and organic 
fluids a r e  constant over  a bread  range  of t e m p e r a t u r e s  (180~ > t > 20~ and a r e ,  in o rder  of magnitude,  
~l ~- 0AN/(see  .deg),  Cp - 4000 J/{kg -deg),  and al ~- 10 -7 m2/sec .  Only v i scos i ty  undergoes a marked  v a r i a -  
t ion with t e m p e r a t u r e  with | vary ing  f rom 7 . 1 0  -.5 m at 20~ to  10 -.5 m at 180~ For  i r r iga t ion  channels with 
d imensions  I > 0.1 m,  b = 6 "10 -3 m (6 > 1), the order  of magni tude of P is P ~ (1021~| 3, P(0.05-10s). 
The value of the second p a r a m e t e r  ~ a l so  var ies  over  a broad range  and can take  on any value in the in terval  
(Xmin, ~ m a x ) a n d  outside i t .  For  example ,  where  ~r ~ 6(@. 10~) . (Re)t /3/Sformetal tubingwith k2 ~ 40 N/ ( sec  �9 
fleg), ~ ~ 3(| .103)(Ret / '~ /6  for  such m a t e r i a l s  as Teflon and vinyl with X 2 ~ 0.2 N/ (sec  "deg). Thus ,  it is 
often n e c e s s a r y  to  consider  the t h e r m a l  in teract ion of the phases  even for  l aminar  mot ion in the f i lm flow 
(Re < 400). 

N O T A T I O N  

t l ,  t2, t e m p e r a t u r e s ;  TI ,  T2, d imens ion less  t e m p e r a t u r e s ;  hl,  h2, coefficients of t h e r m a l  conductivity;  
x, y ,  spa t i a l  coordina tes ;  l ,  plate  length; b, plate  th ickness  ; h, f i lm thickness  ; ~ ,  ~2, z = x / l ,  d imens ion-  
less coordinates ; a l, coefficient  of t h e r m a l  diffusivity;  v l, k inemat ic  v i scos i ty ;  g, gravi ta t ional  acce le ra t ion ;  
U, mean  fluid veloci ty;  d imens ion less  p a r a m e t e r s :  P =  l / ( h P e ) ,  S = ( l / b )  2, ~r = (h2h)/(hlb); Nu t, Nu 2, Nus-  

l 
se l t  numbers ;  q, i r r iga t ion  densi ty;  Re = q /v t ,  Reynolds number ;  Pe = q / a  s, Peclet  number ;  I = }'1 f (at1/ 

9y)dx, heat flux ac ro s s  phase  i r~erface .  Indices:  1, liquid phase;  2, solid phase .  0 
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